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BY
BRUCE W. JORDAN

ABSTRACT. A lower central series is defined for split Hopf algebras with involution
over a field k. Various structure theorems for coalgebras and Hopf algebras are
established.

Introduction. In [6]), Moore and Smith define a lower central series for homology
Hopf algebras, i.e. connected Hopf algebras with commutative comultiplication. In
essence their definition is a categorical one, the point being that the category of
homology Hopf algebras possesses enough structure to apply the categorical
construction.

It is the object of this paper to show that a lower central series can likewise be
defined for objects of JC/k, the category of split Hopf algebras with involution
over a field k. In order to accomplish this task it is necessary to expend much effort
establishing the basic properties of JC /k. §1 lays the foundation for studying split
Hopf algebras with involution by developing important results concerning coal-
gebras and comodules. §§2 and 3 present structure theorems for objects in JC/ k.
The proof of the fact that epimorphisms are normal in I /k occupies all of §4.
Finally in §5 we are in a position to define the commutator sub-Hopf algebra of an
object of JC/k and to study descending series.

It is assumed that the reader is familiar with the work of Milnor and Moore [5].
Results and constructions from [5] are utilized freely throughout this paper. Also
we use the terms Hopf algebra, coalgebra, comodule, etc., in the sense of Milnor
and Moore, and we follow their notation whenever possible.

ACKNOWLEDGEMENTS. This paper is essentially the author’s undergraduate thesis
which was submitted to Princeton University in May, 1976. Professor John C.
Moore was the faculty advisor for this work. He suggested many of the problems
considered here and offered both encouragement and mathematical insight
generously. The author’s personal indebtedness to Professor Moore is great; the
extent of his mathematical indebtedness should be apparent.

1. Coalgebras and comodules. In this section some elementary properties of
coalgebras and comodules are established. In the first part of the section, we
assume that a commutative ring K has been chosen for the ground ring and tensor
products are taken over K. 9L /K will be used to denote the category of graded
K-modules. In the later portion of the section the ground ring is usually a field k.
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428 B. W. JORDAN

We begin with some categorical considerations. Let %) be a category with point
*, For D’,D” € obj D, let * denote the trivial morphism D’ — * — D”. Suppose
s: D’ —> D” is a morphism in . Then £&: N > D’isakernel of sif s o § = », and
whenever g: F— D’ is a morphism in % such that s o g = = then there is a
unique g: F — N such that £ o § = g. Similarly if s: D’ — D” is a morphism in %,
then {: D” — G is a cokernel of s if { e s = * and whenever h: D” —» F is a
morphism in 9 such that hos = + there is a unique A: G — F such that
h = h o ¢. Kernels and cokernels are unique up to canonical isomorphism if they
exist. (The above definitions are as given in [6].)

Let A be an algebra over K and let B, B” be left A-modules. Suppose f: B — B”
is a morphism of left A-modules. Let B' = {x € B|f(x) = 0} and i: B’ — B be the
natural inclusion. B’ is a K-submodule of B, and i: B’ — B is the kernel of f:
B — B” in 9N / K. We have the diagram

ARi ABf

A®B - A®B - A®B”
I‘B'i mel l‘a’l
0 — B 4 B EA B”

The right square commutes by the assumption that f is a morphism of left
A-modules. Observe that

pp(4 ® i) (4 ® B') C i(B)
because
f(pp(4 ® i) = pp(4 ®f)(4 ®i)=0.

Define p, to be i ~!(pg(A4 ® i)). py provides B’ with a left A-module structure such
that i: B’ —» B is a morphism of left A-modules. i: B’ — B is in fact the kernel of f:
B — B” in ,9N, the category of left 4A-modules.

Similarly, if f': B’ —» B is a morphism of left A-modules, let #: B — B” be the
cokernel of f: B’ —> B in 9L /K. Then B” may be given the structure of a left
A-module such that #: B — B” is a morphism of left 4-modules by means of the
diagram

ASDS L d
A8 Y 49B % 4B - 0
I‘B’l I‘sl I‘n'."
B’ 5 B 5 B” - 0

@m: B — B” is the cokernel of f in ,9W. These results partially verify the fact that
49N is an abelian category.

Now suppose C is a coalgebra, and B’, B are right C-comodules. Let f': B° —» B
be a morphism of right C-comodules and #: B — B” be the cokernel with respect
to the graded K-module structure. Define a right C-comodule structure on B” such
that #: B — B” is a morphism of right C-comodules using the diagram
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p
B’ > B 5 B” - 0
Agl Agl Ap-:

'®@C Ps
pec '3 Bec " B®C - 0

Hence cokernels exist in (C9N)., the category of right C-comodules. However,
kernels do not necessarily exist in (€ 9).. The additional assumption that C is flat
as a graded K-module is needed to insure the existence of kernels. If B and B” are
right C-comodules and f: B — B” is a morphism of right C-comodules, let i:
B’ — B be the kernel of f in 9 /K. Assuming C is flat we have the following
diagram from which a right C-comodule structure can be defined on B’ such that i:
B’ — B is a morphism of right C-comodules:

i

0 - B’ - B —f> B”

Ap, Agl 8-l
i®C f®cC

0 > B®C — B®C - B”"®C

1.1. PROPOSITION. Let L be a graded K-module and C a coalgebra over K. Suppose
M is a right C-comodule. Then

Hom o noaue(M, L ® C) ~ Homg(M, L).

PROOF. Suppose f: M — L is a morphism of graded K-modules. Define 7(f):
M — L ® C to be the composite

Ay f®c
M>M®C - L®C.
Mf)BCIYy =((f®C)Ay®C)AYy =(fO®C B C)Ay ®C)A,,
(BLec)(M(f) =(LOANSf® C)Ay =(f®C O CYHM ®AL)A,,.
Since M is a right C-comodule, (A, ® C)A,, = (M ® A )A,,. Hence (9(f) @
C)Ay = A gcn(f) and 9(f) is a map of right C-comodules.
n: HomK(M’ L) - HomC—comodul&s(M9 L® C)
is easily seen to be a morphism of K-modules.
On the other hand, suppose g: M — L ® C is a morphism of right C-comodules.
Then we have the mapping of graded K-modules ¥(f): M — L by

M —g> L®C L—ge L ® K ~ L. A routine verification shows that

¥ = Homc opmoque(M, L ® C) and ¥7n = Homy(M, L). [

Let C be a coalgebra over K which is flat as a graded K-module, and let M be a
right C-comodule. Suppose x is an element of M and Ay x = 3 m; ® ¢;. Let (m,>
denote the K-submodule of M generated by the {m,} and M” denote the K-module
M /{m;). From the proof of Proposition 1.1 we see that the natural projection of
graded K-modules 7: M — M " induces a map f: M - M” ® C of right C-comod-
ules, where f = (7 ® C)A,,. Because C is flat, the map f: M > M” ® C has a
kernel j: N - M. We can assume N is a subcomodule of M and j: N — M is the
inclusion.
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1.2. PROPOSITION. In the above situation, x € N and if K is a Noetherian ring then
N is finitely generated as a K-module.

PROOF. As a graded K-module, N is the kernel of f: M > M” ® C in 9 /K.
Hence N = {m € M|A,;m € (m;) ® C}. It is obvious that x € N. Suppose y €
M and Ay =3 m ®c, with m, € {m}, c, € C. Then y =X me(c,), soy €
{m;> and N C {m,). Since K is Noetherian, every submodule of a finitely gener-
ated K-module is finitely generated. N is therefore a finitely generated K-module.
O

If C is a coalgebra over K, let C°? be the coalgebra over K whose underlying
graded K-module is C and whose comultiplication is T o A, where T denotes the
twisting morphism. If M is a left C-comodule, then M can be given the structure of
a right C°P-comodule in the obvious manner, namely let the coaction of C°? on M
be given by the composition M - C ® M I M ® C°P. Similarly, a right C°P-
comodule is a left C-comodule. These constructions facilitate the proof of the
following fundamental theorem of coalgebras.

1.3. THEOREM. Let C be a coalgebra over K which is flat as a graded K-module and
let x be an element of C. If K is Noetherian, then there is a finitely generated
subcoalgebra of C which contains x.

PROOF. Suppose Ax = X ¢(;y @ ¢(). C is a right C ® C°P-comodule by means of
the composite

A C®(T - b)
C5C®C - C®(C®C™).

By Proposition 1.2, if i: N — C is the kernel of the composition

then N is a finitely generated right C ® C°P-comodule containing x. But N is then
a 2-sided comodule contained in C, so N is a subcoalgebra of C. [

1.4. COROLLARY. Suppose k is a field, C is a k-coalgebra, and x is an element of C.
Then there exists a finite-dimensional subcoalgebra of C containing x.

The above corollary implies that a coalgebra C over a field & is the union of its
finite-dimensional subcoalgebras. Equivalently, such a coalgebra is the direct limit
of its finite-dimensional subcoalgebras.

1.5. DEFINITION. A nonzero coalgebra C is said to be simple if it has no nonzero
proper subcoalgebras.

1.6. PROPOSITION (CF. [7, LEMMA 8.0.1]). Suppose C is a simple coalgebra over a
field k with commutative comultiplication. If k is algebraically closed, then C is one
dimensional.

Proor. By Corollary 1.4, C is finite dimensional. Furthermore C is concentrated
in degree 0 for otherwise C, would be a nonzero proper subcoalgebra of C. C* is
then a commutative finite-dimensional k-algebra concentrated in degree 0. As the
ideals of C* are in one-to-one correspondence with the subcoalgebras of C, C* is
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simple and is therefore a finite field extension of k. Since k is algebraically closed,
dmC*=dimC=1 O

1.7. DEFINITION. Let C be a nonzero coalgebra over a field k£ with commutative
comultiplication. If every simple subcoalgebra of C is one dimensional, C is said to
be split.

By Proposition 1.6, if k is an algebraically closed field and C is a nonzero
commutative k-coalgebra, then C is split. The concept of a split coalgebra will play
an important role in §2.

1.8. PROPOSITION ([7, PROPOSITION 8.0.3]). Let C be a coalgebra over a field k and
{C,} a collection of subcoalgebras of C such that C =X C,. Then any simple
subcoalgebra of C lies in one of the C,.

PRrROOF. Let D be a simple subcoalgebra of C. Since D is finite dimensional it lies
in some finite sum X} C,. By induction on n, it suffices to prove thatif D C C, +
Cg then D C C, or D C Cg. Suppose D ¢ C,. Then since D is simple D N C, =
0. Hence there is c* € (C, + Cp)* such that ¢*|D = ¢, ¢*|C, = 0. Ford € D,

2 daye*(dp) = 2 dne(de) = 4,
where Apd = 2 d;, ® d;. But D C C, + Cg implies that
AD) Cc A(C,) +A(C) € C,®C, + C5 ® Cp.

Since ¢*|C, = 0, we have Z d(;c*(d;)) € Cgand thus D C Cg. [

Now suppose C is a coalgebra over a field k. Let § be a set indexing the distinct
simple subcoalgebras of C. For j € §, let C; denote the corresponding simple
subcoalgebra. X, 4 C; is then a subcoalgebra of C. The previous proposition shows
that the sum X C; is direct. For suppose C, N 3, C; # 0 for some s € ¢. Then
C, N 2, C is a nonzero coalgebra contained in C; and hence it must be the case
that C, N 2, ., C;= C,. But then C,C 23, C, and so C, = C, for some r €
9 —{s} by Proposition 1.8. This contradicts the fact that ¢ indexes the distinct
simple subcoalgebra of C. Since the sum 3 C, is direct it follows that X C =IIC,
where the coproduct of the C; is taken in the category of coalgebras over k. IL;c4 C;
is therefore a subcoalgebra of C which we will denote by SS(C), for it is the
semi-simple part of C. The coalgebra C will be said to be semi-simple if C =
SS(C). For future reference we note that a subcoalgebra of a semi-simple
coalgebra is semi-simple. For if D is a subcoalgebra of C = ;¢4 C; with C,, j € g,
simple, then D = IL,c (D N C)). In the finite-dimensional case it is easily seen that
the ideal (C/SS(C))* in C* is the Jacobson radical of the algebra C*, i.e., the
intersection of all maximal 2-sided (left, right) ideals. Thus in order to dualize the
notion of the Jacobson radical, we consider C/SS(C).

1.9. DEFINITION. Let C be a coalgebra over a field k. Then the coideal C/SS(C)
is called the coradical of C, and denoted corad(C).

Recall that Nakayama’s lemma states that if 4 is an algebra, J(A4) is the
Jacobson radical of 4, and Y is an A-module finitely generated over 4, then Y = 0
if and only if ¥ ® 4/J(A4) = 0. Nakayama’s lemma dualizes to coalgebras and
comodules in the following form:
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1.10. THEOREM (DUAL NAKAYAMA LEMMA). Let C be a coalgebra over a field k
and let X be a right C-comodule. Then X Oc SS(C) =0 if and only if X = 0.

Proor. Clearly we need only prove that X Oc SS(C) = 0 implies that X = 0.
Let #: C —>corad(C) be the natural projection. Let », be the composite
C—Ccr+1’s corad(C)"“, where C"*! denotes the n + 1-fold tensor product of
C with itself and similarly for corad(C)"*'. Denote the kernel of », by F,(C);
Fy(C) is simply SS(C). F,(C) is a subcoalgebra of C since », is a mapping of
2-sided C-comodules. Furthermore observe that

F,(C) = {x € C|A"(x) € SS(C)® C" +C ® S5(C) ® C"~!
+---+C"'®SS(C)® C+ C"® SS(C)).

Hence by the associativity of comultiplication F,(C) C F,, ,(C).

Assertion 1. U , F,(C) =

PROOF. We consider first the finite-dimensional case. Then corad(C)* = J(C*),
where J(C*) denotes the Jacobson radical of C*. Let A = C*. We then have dual
diagrams

0 - F,u(C) - C —  corad(C)"*!
A" N 7

Cn+l

J4)! - A - A/JA)" - 0
N 7"
A n

In a finite-dimensional algebra over a field the Jacobson radical is actually
nilpotent and hence there exists an integer N such that J(4)" = 0. In this case
Fy_(C) =

A slight disgression into classical algebra is required at this point. Suppose R and
S are rings, and the homomorphism of rings 7: R — § is surjective. Suppose I C S
is a maximal left ideal. Then =~ !(J) is maximal since R/7~!(I) ~ S/ I implies that
R/717'(I) is a simple left R-module. Hence J(R) C N 7~ !(I), where I ranges over
all maximal left ideals in S, and so 7(J(R)) C J(S). There is then an induced
morphism R/J(R)" - S/J(S)" for n =0, 1, 2, . ... Dualizing this, we see that if
C and D are finite-dimensional coalgebras and i: C — D is injective, then i(F,(C))
C F,(D) for n=0,1,2,.... Thus if {C,,i,g} is a direct mapping family of
coalgebras such that the i, , are injections, then hm F,(C) = F, (hm C,). Let
{Cas inp} denote the family of finite-dimensional subcoalgebras of a coalgebra C,
the i, , being the natural injections. Then C = 11_1}1 C, and by the above
F,(C) = 1i_131 F,(C,). But we know that U, F,(C,) = C,, and hence U, F,(C) =

C. O
Assertion 2. F,  (C)/ F,(C) is a left SS(C)-comodule.
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PROOF. Again we consider first the finite-dimensional case. In this case we know
that F,(C) is dual to 4 /J(A)"*!, where A = C*.
(Fpe1(C)/FQ(C))* = J(A)"/1(A)™,

which is an 4/J(A) module. Thus F,,,(C)/F,(C) is an (4/J(A))* = SS(C)-
comodule. So for C, finite-dimensional, we have

fCG: Fn+I(Ca)/Fn(Ca) - SS(Ca) ® Fn+I(Ca)/F;|(Ca)'
As a coalgebra C is the direct limit of its finite-dimensional subcoalgebras {C,}, we
have

li_I’nfC,: hg Fn+l(ca)/Fn(Ca) - h_l;n SS(Ca) ® hgl Fn+l(Ca)/Fn(Ca)'

li_t’n and F, commute in this case, so the above is simply

imf : F,,(C)/F,(C)—> SS(C)® F,,(C)/F,(C).

Hence F, . ,(C)/ F,(C) is a left SS(C)-comodule. []
Now the sequence

0 F,.\(C)/F,(C)—>SS(C)®F,,,/F,(C)

is exact, which implies that
0 - X DC Fn+l(c)/Fn(C) g X DC (SS(C) ® Fn+!(C)/Fn(C))
is exact. (X Oc is left exact because we are over a field.) But

X Oc (SS(C) ® F,,,(C)/F,(C)) =~ (X Oc SS(C)) ® F,,(C)/F,(C) =0,

since X Oc SS(C) = 0 by assumption. Hence we conclude that
X Oc F,,(C)/F,(C) = 0. From

0_)Fn(c)—>Fn+l(c)_)Fn+l(C)/Fn(C)_)0
we obtain

0> X0Oc F,(C)-»X0OcF,,(C)> X0OcF,,,(C)/F,(C).

If we assume that X Oc F,(C) = 0, then the above shows that X Oc F,,,(C) = 0.
Thus by induction X Oc F,(C) = 0 for all n > 0, and upon taking direct limits we
obtain X OcC=X=0.

Note that in Nakayama’s lemma one needs the assumption that the module is
finitely generated over the algebra, whereas in the Dual Nakayama Lemma no such
finiteness condition is required. This is very characteristic of coalgebras over a field
k. Because a coalgebra over k is the direct limit of its finite-dimensional subcoal-
gebras, it is often the case that a property of finite-dimensional k-algebras will
dualize to a property of arbitrary k-coalgebras. Similarly properties of modules
finitely generated over a k-algebra often dualize to properties of arbitrary comod-
ules over a k-coalgebra. -

The proof of Theorem 1.10 introduces an important filtration of a coalgebra. As
this filtration will be needed later, we establish it now as a definition.
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1.11. DEerFINITION. Let C be a coalgebra over a field k. Forn =0, 1,2, ..., let
F,(C) denote the kernel of the composite

,”n+l
C— C"*'"5 corad(C )"

This filtration of C is called the coradical filtration.
1.12. DEFINITION. Suppose C is a coalgebra over a ring K with augmentation n:
K — C. C is said to be cocomplete if the only simple subcoalgebra of C is n(K).

1.13. COROLLARY. Let C be a supplemented cocomplete coalgebra over a field k and
let f: Y — Y"” be a morphism of right C-comodules. Then f is injective if and only if
fOc k: Y Oc k- Y” Oc k is injective.

Proor. If f is injective, then f Oc k is injective since we are over a field. On the
other hand, let i: Y’ — Y be the kernel of f: Y — Y”. If fOc k is injective, then
Y Ock =0. But £k~ SS(C) as a left C-comodule, and hence Y’ ' Ock =0
implies that Y’ = 0 by the Dual Nakayama Lemma. It follows that f is injective.
O

We conclude this section with a basic structure theorem for k-coalgebras.

1.14. DEFINITION. A nonzero coalgebra is called local if it contains a unique
simple subcoalgebra.

1.15. PROPOSITION (CF. [7, THEOREM 8.0.5)). Suppose C is a coalgebra over a field
k with commutative comultiplication and simple subcoalgebras {C }jes- Then C =
L C where C is a local subcoalgebra of C and C; C C C is uniquely char-
acterzzed as bemg the maximal local subcoalgebra of C contammg G.

Proor. First consider the case where C is finite-dimensional. Then C* is a
finite-dimensional commutative algebra, and hence is the direct sum of local
subalgebras [8, Vol. I, p. 205]. If C* = 4, @ - - - @ A4, with 4, a local subalgebra,
then C~ C** ~ Af @ - - - ® A} with 4* a local subcoalgebra. Upon observing
that this decomposition is unique, the general case follows by taking direct limits.
Hence C is a coproduct of local subcoalgebras; suppose C = II, ., C.. It is clear
that each C contains one and only one simple subcoalgebra of C. We may
therefore reindex the {C,},c, using the index set J such that {C, }rer = {C Yies
and C; C C If D is a subcoalgebra of C properly containing C,, i € J, then
DN H,aéj C # 0. Hence there exists a C, with h € J, h #i,such that G, C D. D
is therefore not a local subcoalgebra and it follows that C is maximal with respect
to the property of being a local subcoalgebra of C containing C;. But this uniquely
characterizes C;; for if F is another local subcoalgebra of C containing C, such that
C, DF, then C, + F is a local subcoalgebra containiing C; by Proposition 1.8. This
violates the maximality of C,. [

2. Split Hopf algebras with involution. Recall from §1 that if C is a commutative
coalgebra defined over a field k, then C is said to be split if every simple
subcoalgebra of C is one dimensional. Let H be a Hopf algebra with commutative
comultiplication defined over a field k. H is said to be a split Hopf algebra if the
underlying coalgebra of H is split.
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2.1. DErFINITION. Let H be a Hopf algebra with commutative comultiplication
over a ring K. An involution of H is a mapping of coalgebras ¢c: H — H such that
o(H @ c)Ay = ne.

If k is a field, we denote by JC /k the category of split Hopf algebras over k with
involution.

The significance of the involution becomes apparent from categorical construc-
tions. We proceed as in Milnor and Moore [S5, §8]. Let K be a commutative ring,
and let @ denote the category of supplemented coalgebras with commutative
comultiplication over K. @ is a pointed category with products: the point in & is K
and the product of 4 and B is just A ® B. Let A X B denote the product in & of 4
and B. A monoid in the category @ is then an object C together with a morphism
¢@: C X C — C such that the diagrams

eXC
CXCXC - CXxXC
l,CXQ l¢
CxC A C

xXC
C=KXC > cCxXC

lo
XC

are commutative. Thus a monoid in the category @ is simply a Hopf algebra with
commutative comultiplication. A group in the category is a monoid in the category
together with A: C — C such that the diagram

c»> cxc 3" cxc 3¢

T

is commutative. Hopf algebras with commutative comultiplication and involution
are groups in the category &. Similarly JC/k is the category of groups in the
category of supplemented split k-coalgebras. In light of the above comments, it is
not surprising that much of our work has its motivation in the theory of groups.

If H is a Hopf algebra over a field k, we can view H as a coalgebra and consider
SS(H).

2.2. ProrosITION. If H € obj JC/k, then SS(H) is a sub-Hopf algebra of H.
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PrOOF. kn(1) is a simple subcoalgebra of H, so kn(l1) C SS(H) and thus
n(1) € SS(H). Since all simple subcoalgebras of H are one dimensional, SS(H) is
the coproduct of cofields. Suppose SS(H) = 11, ke, with ke; a simple subcoal-
gebra. Then Aef = rjef ® ¢/ for some 0% r; € k. Lettmg = r;e/, we see that
Ae, = ¢ Qe Wxth e chosen as the basis element for ke; we can write SS(H) =

0, ke, Aej =¢ ®e.Forij €J,
Ap(e; ® &) = g(e; ® ¢)  p(e; ® ¢)

and hence kg(e; ® ¢) is a simple subcoalgebra of H. Then ke(e; ® ¢) C SS(H)
and SS(H) is closed under multiplication. []

Note that if G is a group, the group algebra kG is easily made into a Hopf
algebra by defining Ag = g ® g for all g € G. By abuse of language, we shall refer
to the Hopf algebra kG as the group algebra on the group G.

2.3. DEFINITION. Suppose H is a Hopf algebra over a commutative ring K. Define
G(H) to be {x € H|Ax = x ® x and x # 0}.

2.4. ProPOSITION. If H € obj 3C/k, then SS(H) is a group algebra.

ProOF. We will show that G(H) is a group with multiplication ¢4|G(H). By the
proof of Proposition 2.2, G(H) is closed under multiplication. #(1) is the identity in
G(H). Suppose x € G(H). Then (H ® €)Ax = &(x)x = x, and hence &(x) =
Let ¢c: H — H be the involution. By the definition of ¢, p(H ® c)Ax = ne(x) =
1n(1). Thus x is p-invertible with multiplicative inverse ¢(x). Since Ax = x ® x and
¢ is a morphism of coalgebras, Ac(x) = ¢(x) ® c¢(x) and so c¢(x) € G(H). It is now
trivial to see that SS(H) is a group algebra on the group G(H). [

2.5. DErINITION. Let H be a Hopf algebra over a commutative ring K. For
notational convenience, identify K and Kn(1) C H. Let {,, n=20,1,2,..., de-
note the composition

oS g™ (H/K)"*‘

Denote by %,(H) the kernel of §,. Since §, is a mappmg of 2-sided H—comodules,
% (H) is a subcoalgebra of H. Moreover ¥,(H) C 9,,,(H),n=0,1,2,- - - . Let
CH)= U, %,(H). C(H) is the cocomplete part of H. (Note that if H €
obj IC/k, then C(H) is cocomplete in the sense of Definition 1.12.) If H = C(H),
H is said to be a cocomplete Hopf algebra.

2.6. ProrosITION. If H € obj 3/ k, then C(H) is a sub- Hopf algebra of H.

ProoF. Since the {%,(H)} are an increasing tower of subcoalgebras, C(H) is a
subcoalgebra. n(1) € %,(H), so C(H) contains the multiplicative identity. We need
only show that C(H) is closed under multiplication. So suppose a € %,(H),
B € %,(H). Then

ANaEk@H"+ HOKQH" '+ .- +H"®k,
A"BEk®RH" + HOQKk®H™ '+ --- +H™"Q® k.
Each term in A"*™a will contain m + 1 elements of k whereas each term in A”*™B
will contain n + 1 elements of k. By the definition of a Hopf algebra,
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Ap(a® B) =2 (—l)dega(z)degﬁ(')q’(a(l) ® Bwy) ® elap ® B)
if Aa = 2 ag) ® ap), AB = 2 By, ® B, By induction it follows that

Ap(a® B) = 2 (—l)z'qdega(j)desB(i)(P(a(l) ® /3(1)) ®: - ®¢(a(n+1) ® B(n+1))
if
A'a = 2 an ® - - Qapery A"B = 2 Bay® -+ @B+

Hence when A™* "p(a ® B) is computed, the expressions for A"*™a and A”*™B are
multiplied component-wise. Since each term in A"*™a contains m + 1 elements of
k and each term in A"*™B contains n + 1 elements of k, there exists at least one
component in each term where both A"*™a and A”*™B have an element of k. Thus
p(a®B)E G, (H). O

2.7. Comments. Let H € obj 3 /k. Observe that G(H) acts on SS(H) by
conjugation: if h € SS(H) and g € G(H), then ghg™' € SS(H). SS(H) is a
normal sub-Hopf algebra of H (the precise meaning of this will be given in §5), and
G(H) is the quotient of H by SS(H) as Hopf algebras.

2.8. THEOREM. If H € obj I /k, then H ~ 11, ¢ g4y C(H)g as a coalgebra.

ProOF. C(H) is clearly a local subcoalgebra since by definition any cocomplete
coalgebra is local. Suppose L is a local subcoalgebra of H such that 1 € L. Let
F,(L) denote the coradical filtration on L. F,(L) C C(H)forn=0,1,2,... and
so L € C(H) since U F,(L) = L. Hence C(H) is the maximal local subcoalgebra
of H containing 1. Let H® denote the maximal local subcoalgebra of H contain-
ing g € G(H). If h € H® then for some n,h € F,(H®), implying that hg™' €
F,(C(H)) = %,(H). Since hg~! € C(H), h € C(H)g and hence H® C C(H)g.
But visibly C(H)g C H‘®, and it follows that C(H)g = H(®. By Proposition 1.15,
H=~1,eemy C(G)g. O

Let K be a commutative ring. Recall that if 4 is a supplemented K-algebra with
augmentation ideal I(4), then the elements of Q(4) = K ® , I(A) are called the
indecomposable elements of 4. If C is a supplemented K-coalgebra and C = K &
J(C) as a graded K-module, then the elements of P(C) = K Oc J(C) are called the
primitive elements of C. The primitive elements of C can be naturally identified
with {x € C|Ax = x® 1+ 1 ® x}. If H is a Hopf algebra, there is a natural
morphism of graded K-modules P(H) — Q(H). Also the primitive elements of H
form a Lie algebra with Lie product

[%y] =0-(-1D)"Yx forx € H,y € H,

2.9. DEFINITION AND COMMENTS [5, pp. 237, 238]. If L, L’ are Lie algebras over K,
then L X L’ is the Lie algebra over K such that

[0 (x50)] = ([% '], [¥,¥'])
for

(uy)E(LX L), =L, XL, (¥y)e(LXL)=L,xL,
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Now if L is a Lie algebra there is a natural morphism A: L — L X L, where
A(x) = (x, x) for x € L,. This induces

UA): U(L)->U(L)® U(L) = U(L X L)
and U(L) becomes a Hopf algebra. Henceforth we will consider the universal

enveloping algebra of a Lie algebra to be a Hopf algebra with the above co-
multiplication.

2.10. THEOREM. Suppose k is a field of characteristic 0 and H is a Hopf algera over
k. Then C(H) is the universal enveloping algebra of the Lie algebra P(H) =
P(C(H)).

Proor. We have a natural map m: U(P(C(H))) - C(H) which sends x,
®---Qx,tox;- - x, where x; € P(C(H)), 1 <i < n. Filter U(P(C(H))) by
the Lie filtration, i.e. let F,(U(P(C(H)))) be the k-submodule generated by ele-
ments of length < p. Filter C(H) by the coradical filtration.

Assertion. The map m: U(P(C(H))) - C(H) is filtration preserving.

Proor. The proof proceeds by induction on p, starting from p = 0. Forp = 0 we
have Fo(C(H)) = k, Fy(U(P(C(H)))) = k; m: F(U(P(C(H)))) — Fo( C(H)) is just
the identity. Suppose

m(F,_(U(P(C(H))))) C F,_(C(H))

for some p > 1. Let x; ® - - - ®x, be an element of F,(U(P(C(H)))), where
Xy -+ .5 X, € P(C(H)). Then A’(x,- - - x,) can be calculated by multiplying

AP(xy - - - x,_;) and AP(x,) component-wise. By assumption x,---x,_; €
F,_(C(H)), so AP (x, - - x,_1) has at least one k-entry in each term. Hence
AP(x, - - - x,_;) has at least two k-entries in each term. Since Ax, = x, ® 1 + 1 ®
Xps

Mx,=x,®1®---Q®1+10®x,Q1Q---®l+:-:+1®:-- Q1Qux,.
Multiplying component-wise we see that A”(x, - - - x,) must have at least one entry

from k in each term. Hence x, - - - x, € F,(C(H)). O
Since the map m is filtration preserving, we may consider

ES(U(P(C(H))) " 3" ES(C(H ).

EC(U(P(C(H)))) and E°(C(H)) are bigraded Hopf algebras; the induced mor-
phism E©(m) is a morphism of bigraded Hopf algebras. One sees easily that
EC(C(H)) and EC(U(P(C(H)))) are connected: EC°(C(H))yo = k and
E°(C(H))y, =0 for g # 0, similarly E°(U(P(C(H))))oo = k and
EC(U(P(C(H)))),,, = 0 for g # 0.

We now draw heavily on results established in [5].

Since char(k) = 0, the natural morphism of graded K-modules

P(E°(U(P(C(H))))) - Q(E°(U(P(C(H)))))
is an isomorphism [5, Proposition 5.13). Also P(E °(U(P(C(H))))), , = 0 forp # 1,
P(EC(U(P(C(H)),, = P(UP(C(H))))g4y = P(C(H)), 4, [S, Propositions 5.11
and 5.13, Theorem 5.18]. Observe that
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P(E®°(C(H))),q =0 forp+1,

P(EC(C(H ))h,g = P(C(H ))q+1;
these statements are immediate consequences of the appropriate definitions. The
mapping E°(m) is the identity on P(C(H)), and therefore E©°(m) injects [5,
Proposition 3.9). To show that E ©(m) surjects, it suffices to show that

Q(E°(U(P(C(H))))) — Q(E°(C(H)))
surjects [5, Proposition 3.8). However, this follows from the diagram

~

P(E°(U(P(C(H))))) — P(E°(C(H)))
I~ ¢
Q(E°(U(P(C(H))) — Q(E°(C(H))
P(EC(C(H))) - Q(E°(C(H))) surjects because the comultiplication in H is com-
mutative and char(k) = 0 [5, Proposition 4.18). Because E ©(m) is an isomorphism,
m is an isomorphism and the theorem is established. [J

2.11. COROLLARY. Suppose k is a field of characteristic 0 and H € obj IC / k. Then
as coalgebras H ~ 11, ¢ gy U(P(H))g.

3. Analogues of Lagrange’s theorem for Hopf algebras. If H is a Hopf algebra and
H’ C H is a sub-Hopf algebra, then H is in a natural way an H’-module. When is
H a free H’-module such that 1 is a possible basis element? Note that this question
simply asks to what extent Lagrange’s theorem generalizes to Hopf algebras. In this
section we shall see that H is always a free H’-module with 1 a possible basis
element if H,H’ € obj 3 /k.

However, it is also true that the above generalization of Lagrange’s theorem is
valid under certain conditions if H and H’ are universal enveloping algebras of free
Lie algebras. Although this fact is irrelevant to the main course of our argument,
we prove it here because it gives a significant analogue of a group theoretical result
for a class of Hopf algebras whose ground ring is not assumed to be a field.

Suppose K is a commutative ring with 2 € K a unit. Let L be a graded Lie
algebra over K which is a free K-module in each degree.

3.1. DEFINITIONS AND NOTATION. Suppose L; is free on the set {x;5}q)co,
Choose a simple ordering for the disjoint union U, 44 ©;, and a simple ordering
for the disjoint union U, .., ©;. Obtain a simple ordering for U; ©; by setting
(i, 8) < (J, ) whenever i is even and j is odd. For x;, € L, denote by y;, the
element i(x;,) of U(L), where i: L— U(L) is the natural injection. If I =
(i, 8,), . . ., (i,, 8,) is a sequence of indices such that i},...,i, (0 < m < n) are
even; i, ...,i,areodd,

(il’ 01) < (iz, 02) <---< (im’ om)’
and
(im+l’ 0m+l) < (im+2’ 0m+2) <---< (in’ 0n)’

call the sequence I semi-strictly increasing. If I = (i, 9,), . . ., (i,, 6,) is a finite
sequence of indices, its length is n and its degree is iy + - -+ +i,. ¥; 9 " " Vi g
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shall be denoted by y,. The empty set is assumed to be semi-strictly increasing with
yy=1ifJ=02.

3.2. THEOREM (GRADED POINCARE-BIRKHOFF-WITT) (CF. [1, CHAPTER 13]). With L
as above, U(L), is free on the set {y,;}, where I ranges over all finite semi-strictly
increasing sequences of degree n.

PrOOF. We first show that the elements y, corresponding to finite semi-strictly
increasing sequences of degree n generate U(L),. Let F,(U(L),) denote those
elements of U(L), of length < p. It clearly suffices to show that the elements { y,},
where I ranges over all finite semi-strictly increasing sequences of length < p and
degree n, generate F,(U(L),). This follows by recursion from the following lemma:

3.3. LeMMA. For each sequence a,, ..., a, € L such that i(a)i(ay) - - - i(a,) €
U(L), and each permutation = of (1, 2, . . . , p) we have

i(a)) - - - i(a) + i(a,qy) - -+ i(ayp) € F,_(U(L),),

or
i(ay) - - - i(a) — i(a,qy) * - - i(a,p)) € F,_(U(L),).

PROOF. It is enough to consider the case where 7 interchanges two consecutive
indices j, j + 1. In this case the statement is evident from the relations:

i(a)i(a,)) + i(a,)i(a) = i([a, ai1])s
ag€Ll,a,, €L,uv odd;

i(a)i(a;,,) — i(a,)i(a) = i([a;, a,,])
otherwise. []

Now recall that a left representation of the Lie algebra L over K is a K-module
M together with a K-homomorphism x ® m — xm of L ® M into M such that

x(ym) — (-1%(xm) =[x,y]m forx € L,,y € L,,m € M.
Let A be the algebra formed by tensoring the symmetric algebra on the even
degrees of L with the exterior algebra on the odd degrees of L. Denote the
generator of A4 corresponding to x,9 € L, by z,4. If I = (i}, 8)),...,(i,,6,) is a
finite sequence of indices and (j, 1) € ©,, say that (j, 1) < I if (j, 7) < (i, 6,) for
s=1,2,...,n. Similarly say that (j, 7) <Iif (j,7) < (i, 0,)fors=1,2,...,n.

3.4. LEMMA. There exists a left representation of L in A such that
X021 = Zi 921 1
Jor (i, 0) < I,i even,or (i,0) <1,i odd.

Assuming Lemma 3.4 we can complete the proof of the theorem. The representa-
tion of L in A induces a left U(L)-module structure on A. If / is a semi-strictly
increasing sequence of indices of length m it follows from (1) by recursion on m
that y, - 1 = z,. As the elements z, are K-linearly independent in A4, the elements y,
must be K-linearly independent in U(L). Hence U(L), is a free K-module with
basis {y,}, where I ranges over all finite semi-strictly increasing sequences of
degree n.
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PROOF OF 3.4. Filter 4 by length; let O, denote those elements of length < p.
The proof follows from the following inductive assertion:

(S,) For each integer p > O there is a unique homomorphism f: L ® @, — 4
such that

S(xip ® z;) = 2,42, (1)
ieven,(i,0)<1I,z; € Q,oriodd, (i,0) <1,z € Q,
f(xi6 ® z;) € Oy 2, € Q0,9 <p, 2
f(xi,o ®f("j,f ® ZJ)) = (_l)gf('x:i,‘r ®f(xi,0 ® ZJ))
([ X0 %] ® 2;), 2, € Qs 3)
f(xip ® 2;) — 2,92, € Q,, 2, € Q.9 <p. 4)

For p = 0, the definition f(x;, ® 1) = z;, is forced by (1’) and satisfies (2)—(4).
Assume that (S,_,) has been established for some p > 0. We must define f(x,, ®
z;) for I of length p. If (i, @) < I, i even, or (i, §) < I, i odd, then by (1) we must
define f(x,4 ® z;) = z,42,. If the above is false then I may be uniquely written as
I = ((J, 7), J) where

(i,0) > (,r) < J, i even,

(i,0) > (J,7) < J, i odd, j even,

(i,0) > (U, 1) <J, i odd,j odd.
Then z; = z;,z; = f(x;, ® z,), so the left side of (3) is f(x;y ® z;). We must show
that the right side of (3) is already defined. Use (4) to write

f(xi®z;) =z,9z;, +w, wWEQ,

The right side of (3) becomes

D% ® (zig2s + W) + ([ %0 %] ® 2)

= (—l)’jzj,fzi,oz.l + (_l)i’f(xj,-r ® W) + f([xi,‘r’ xj,f] ® zJ)

if it is not the case that i, j odd, (i, 8) = (j, 7) < J.If i andj are odd, (i, §) = (J, 7)
<J, let

f(xi9 ® z;) = %f([xi,o» xi,o] ® z,).
This defines f in all cases, and (1), (2), (4) of (S,) are satisfied. (3) is verified for the
case (i,0) » (,7) < J,j even, or (i,0) > (j, 7) <J,j odd. Because of the anti-
symmetry of [x,4, x;.], (3) is also true for (j, 1) > (i,8) < J, i even, or (j,7) >
(i, 0) < J, i odd. Suppose (j, 7) = (i, 8) and J = ((i, 8), L) with i, j odd. Then it
can be seen without difficulty that
f(xip ® f(x,0 ® 2,)) = ~f(x;6 ® f(x;5 ® z;))
+ ([ %00 Xi0] ® 2;) + f([x,-,o[ Xi.9) xw]] ® z).

But [x; o[ x; 9, X; 6]l = 0, so (3) is satisfied for the case (i, §) > (j, 1) <J or (j, 7) >
(i, ) < J. In order to minimize notational confusion, henceforth we simply use

lower case Greek letters for subscripts, denoting by the Greek letter both the
subscript and the dimension of the element.
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Suppose neither § < J nor 7 <J. Then J = (», L) where » < L, » even, or
v < L,vodd; » <8, v <. Then either v is even or all of J, 8, r are odd by virtue
of the way the simple ordering on the indices was defined.

Note that

Xe2Zy = xf(xsz) = (_l)nxp(x‘rzL) + [x'r’ xv]zL
= (_l)ﬂxr(zsz) + (-l)"wi +[x'r’ xv]zL’
where w = x,2,-z,2;, € Q,_,. Applying x, to both sides we obtain after algebraic
manipulation
xﬂ(xfz.l) = (_l)(0+7)’xr(x0(x‘rzL)) + (_l)w[xO’ xv](xrzL)

+ (—l)(""")o[x,, x,](x92,) + [ %g» [ %2 %,]]2L-

Similarly,
x‘r(xoz.l) = (_1)(f+0 )’xv(x‘r(‘XOZL)) + (—1)0’[ Xrs xr](xﬂzl.)

+ (—l)(“")’[x,, x,](x,z,) + [x,, [ xos x, ] ]z,_.

If » is even, then
xo(%,2,) = (~1)7x,(x52,) = x, { %9 (x,2.) = (-1)"x,(x52,.)}
+[ %9 [% %] )2 — (-l)o'[x,, [ x6, x,] ] 22
x{xo(x,20) = (-1)"x,(x2.)} =[x %, ]2, +[ %, [ %6 x.]] 22,

[%0, [%0 %1] = D[ % [%0 %1] +[ % [%6 x]] =0

by Jacobi’s identity, and therefore

xo(%,2,) = (=1)"x,(x92,) =[ %o, x,]2;-
The case where », 0, T are odd is treated similarly. [J

3.5. COROLLARY. Let K be a commutative ring such that 2 is a unit in K, and let L
be a free Lie algebra over K. Filter U(L) by the Lie filtration as defined in the proof
of Theorem 3.2, namely let F,(U(L),) denote those elements of U(L), of length < p.
If L, is free on {x;,5}0co, then EP(U(L)) is isomorphic to a free commutative
algebra whose ith dimension has generators {X, 9} g ce,

3.6. COROLLARY. Let L be a free Lie algebra over K, where K is as above. Suppose
L’ is a sub-Lie algebra of L such that a basis for L’ can be extended to a basis for L.
Then U(L) regarded as a left (or right) U(L’)-module is free with 1 a possible basis
element.

PROOF. Suppose L] is free on the set {x;5}; 4 ce, and L; is free on the set
{Xi05 YisYigyco, e, Choose a simple ordering for the disjoint union
U {x.¢> ¥i,} as in the proof of Theorem 3.2. Let M denote the graded K-module
such that M, is free on all finite semi-strictly increasing sequences y; , - - - y, , of
degree n. Consider the natural morphism of U(L’)-modules U(L) ® M — U(L)
defined by x; 9 - - - X, g @y, Vi, P X9 X g Vis' " Vir> Where
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we allow ourselves the obvious notational abuse of denoting an element of a Lie
algebra and its image in the universal enveloping algebra by the same symbol. We
wish to show that this morphism U(L") ® M — U(L) is an isomorphism of left
U(L’)-modules. Filtering M by length it is immediate that the mapping U(L") ® M
— U(L) is filtration preserving, and passing to the associated bigraded modules we
have EC(U(L")) ® EO(M) — EC(U(L)). This is obviously an isomorphism and
hence U(L)® M ~ U(L). (O
We now turn our attention to split Hopf algebras with involution.

3.7. THEOREM. Suppose H € obj IC /k, and H' € obj IC / k is a sub- Hopf algebra
of H. Then H is a free left (or right) H'-module, and one can choose a basis for H
over H' which includes 1.

PRrOOF. The proof of this theorem is divided into several parts. We first prove the
theorem for group algebras and cocomplete Hopf algebras, and then show how the
general result follows from this.

Assertion 1. Let G be a group and consider the group algebra kG € obj IC/k.
Suppose H’ € obj IC/k is a sub-Hopf algebra of kG. Then kG is a free left (or
right) H’-module, and a basis can be chosen for kG over H which includes 1.

ProOOF. Since H’ is a subcoalgebra of the semi-simple coalgebra kG, H’ must be
semi-simple as a coalgebra. (See the discussion following the proof of Proposition
1.8.) It follows by Proposition 2.4 that H’ is a group algebra because H €
obj JC/k. We therefore have H’ = kL, where L is a subgroup of G, and the result
is evident by Lagrange’s Theorem for groups. []

Assertion 2. Let H be a cocomplete Hopf algebra over the field k. If H' is a
sub-Hopf algebra of H, then H is a free left (or right) H’-module with 1 being a
possible basis element.

PROOF. Let M = k ®,. H. We have the natural projection H — M. Filter M by
defining F,(M) = Im F,(H), where H is given the coradical filtration. Inductively
define a section p: M — H such that p is filtration preserving. Then the composi-
tion

hH®K®, H) SH®HSH
is filtration preserving, where H’ is filtered by the coradical filtration. Passing to
the E© level we obtain
EO@W)®E°(p)
EO(h): EO(H") ® (k ® gouy EC(H)) - ES(H)® E°(H)
O,
F8Y Eon),

since EO(M) =~ k ® oy EC(H). This is the bigraded connected case, and here
we know that E ©(h) is an isomorphism of left E °(H’)-modules [5, Proposition 1.7].
But this implies that 4 is an isomorphism of left H'-modules and the assertion is
established. [

We now suppose H, H’ € obj 3C/k such that H' C H and G(H') = G(H).
Then k @, H =~ k ® 4y C(H). Let p: k @y C(H) - C(H) be a filtration
preserving section where C(H) and C(H’) are given the coradical filtration and
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k ¢y C(H) ~ k ®y H is filtered as in the proof of Assertion 2 above. The
composition

rH ®(k®uuy C(H) S HOHS H
is a morphism of left H'-modules. Furthermore
r|C(H') ® (k ® ¢y C(H)): C(H") ® (k Q) C(H))—> C(H)

is an isomorphism of left C(H’)-modules by Assertion 2. Since H’' =~
nga(,” gC(H’) as a coalgebra, any element 0 = h’ of H’ can be written as
2.1 8h, where 0 #h/ € C(H’) for 1 <j<n and g € G(H’) with g; #g; if
i#j,1 <ij<n. LetO #a € k gy C(H). Then r(h’ @ a) = 27, g_,r(h’ ® a).
r(hj ® a) is a nonzero element of C(H ) since r|C(H") ® (k ® iy C(H )) is bijec-
tive. Because H ~ I, ¢ gz, §C(H), 2., gir(h; ® a) cannot equal 0. Since i’ @ a
was an arbitrary nonzero element of H ' ® (k ® ¢y C(H)) it follows that r mjects

To show that r surjects it suffices to show that all elements of the form gh,
gEG hE C(H) are hit by r. Let Sn_ h®a € CH)® (k ® iy C(H)) such
that rC}_, i ® a;) = h. Then

r( S gh! ® a,.) = gh.
i=1

Hence

i®
H®k®, Hy~ H ® (k® gy, C(H)) > H® HS H
is an isomorphism of left H’-modules if G(H') = G(H). Similarly one shows that if
H, H' € obj JC /k such that H’ C H and C(H) = C(H’), then

H®k®, HSHOHSH

is an isomorphism of left H’-modules. In this case 7: k ® 4. H ~ k ®, 5y kG(H)
— H is the section induced by choosing a set of coset representatives for G(H’) in
G(H) which includes the identity.

For the general case suppose H’, H € obj 3 /k and H’ C H. Let H” be the
subcoalgebra of H isomorphic to kG(H’) ® C(H). For g’ € G(H"), h € C(H), we
know that g’hg’~! € C(H). Hence H” is a sub-Hopf algebra of H with G(H") =
G(H’) and C(H”) = C(H). Furthermore H” has an involution. We then have
isomorphisms:

H®kK®,, H)SH @ H' ™S H",
H ®@k®,y H)'S H® HS H.

It follows that H' ® (k®, H)® (k®y,. H) ~ H ® (k ®y, H)~ H as left
H’-modules. []

4. Epimorphisms in JC / k. Let %) be a category with point * . Suppose D’, D” €
obj % and f: D’ — D" is an epimorphism. The epimorphism f: D’ — D” is said to
be normal if f has a kernel &£ N — D’ and f is the cokernel of £ Dually a
monomorphism g: D’ — D" is said to be normal if g has a cokernel {: D” —» M,
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and g is the kernel of {. It is the aim of this section to show that every epimorphism
in 3C/k is a normal epimorphism. Several technical results concerning algebras
must be established first, and we proceed following Lemaire [4].

4.1. DEFINITION. Let i: A > B and j: A -» C be two monomorphisms in a
category C. Then the amalgamated coproduct of B and C with respect to A,
denoted B I1, C, is the pushout object of the diagram

A
iv N
B C
Let @lg/ K denote the category of supplemented algebras over the commutative
ring K. If A € obj @lg/ K, denote by A the augmentation ideal of 4. For B, C €
obj #lg/K,
BUC=k®(BO®C)D(BRCOCR®B)D- - -.

Also given monomorphisms i: 4 - B, j: A—> Cin @lg/K, BII, C = B IIC/I,

where I denotes the ideal in B IIC generated by {i(a)—j(a)la € 4}.
4.2. DEFINITION. Let

u N\ v

be a cocartesian square in @lg/ K with i, j injections. This diagram will be said to
satisfy the condition [ H] in case there exist sections
v:K®,B>B . _ -
thy(l) =1,7(1) =1,
rK®,cmc iv)=10)
such that

~ i®
J:A®(K®,B) > B®BLB,

i®
7A®K®,C)YScoecEc
are isomorphisms of left A-modules.
4.3. Notation. We adopt the following notation with regard to the diagram

N

in @lg/K:
X=K®,B, X-=Ker(e: K®,B-K),
Y=K®,C, Y=Ker(e:Kk®,C-K).
Forp > 0,
X'=X, Y'=7,
X?»=X%'QY, Y*=Y%"'QX%,

X**=X%Q®X, Y¥'=7Y¥QY.
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Now set

R=K€B(€P )?P)ea‘(ell,a l""’),

]
~

S=K®(? :
T=K®(? )?P).

4.4. PROPOSITION. Let

b

iv N J
B C 1
u '\ v
D

be a cocartesian square in @1g/ K with i, j injections. If (1) satisfies the condition [H],
then (1) is a cartesian square in @1lg/ K.

PROOF. Let y: X — B and 7: Y — C be sections such that : 4 ® X — B and 7:
A @ Y — C are isomorphisms of left 4-modules. From the definitions it is appar-
entthat R =X ® § = Y ® T, and hence we have the following isomorphisms of
left A-modules:

V®S
ABR=ARXQ®S 2 B® S,
ABR=A®Y®T S COT.
These isomorphisms give to 4 ® R left B- and C-module structures such that the

left A-module structures induced via i and j are the same as the initial 4-module
structure. This is equivalent to having the commutative diagram

A
iv N
B : c
N v
End(4 ® R)

in @lg/K. Since D is the pushout object, there is a unique morphism 7: D —»
End(4 ® R) such that the diagram

A
iv N J
B C
u N\ v
D
In

End(4 ® R)
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is commutative. Hence a D-module structure on 4 ® R is induced. Let a: D —> A4
® R by a(d) = d(1 ® 1). Then the following diagram commutes:

A
iV N J
u N v
D
la
A®R

Since B> A4 ® R and C > 4 ® R are injections, ¥ and v are injections. Visibly
the intersection of B and Cin 4 ® R is A4; it then follows that the intersection of B
and C in D is A. Hence the square (1) is cartesian. []

4.5. COROLLARY. Suppose f: A — B is an epimorphism in @lg/K. Let i: f(A) > B
denote the natural inclusion. If the diagram

f(4)
iv NP
B B
satisfies the condition [H), then f is surjective.

ProoF. We consider the pushout of the above diagram
f(4)
iv N i
B B 2)
iy < Ja
Bl B
By Proposition 4.4 the square (2) is cartesian, and hence

{b € B|j\(b) = jx(b)} = if(4).
However i: f(A) — B is epimorphic because f: A — B is epimorphic. Thus j,i = j,i
implies that j, = j,, and so {b € B|j(b) = j,(b)} = B. It follows that if(4) = B,
and fis surjective. []
Now let f: H— H” be an epimorphism in ¥ /k, and let i: f(H) - H” denote
the inclusion. The diagram
f(H)
iv N
H ” H ”
satisfies the condition [H] by the results of §3. Corollary 4.5 then implies that
f(Hy=H".
4.6. THEOREM. Every epimorphism in } / k is surjective.

Utilizing the fact that epimorphisms are surjective in JC /k, we shall prove that
every epimorphism in JC /k is normal. The proof is divided into several parts. First
we establish the result for group algebras and cocomplete Hopf algebras; then we
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derive the general case from this via the structure theorems for objects in IC/k
proved in §2.

4.7. PROPOSITION. Suppose kG, kH are group algebras with f: kH — kG an
epimorphism. Then f is normal.

PROOF. f = f|H: H — G is an epimorphism in §, the category of groups. Let i
N — H be the kernel of f: H — G in §. Then there is induced a morphism of group
algebras i: kN — kH. One verifies without difficulty that fo i = »,i: kN —> kH is
the kernel of f: kH — kG, and f: kH — kG is the cokernel of i: kN - kH. []

4.8. PROPOSITION. Suppose H, H” € obj 3/ k are cocomplete Hopf algebras and
g: H— H" is an epimorphism. Then g is normal.

PrOOF. Let H' denote k Ox~ H and i: H' — H denote the natural injection. By
definition k Ox~ H is the graded k-module such that the sequence
A®H-k®Ay
0->kOuw-H—->k®H - k®@H"®H

is exact. Here A, refers to the composition

k®n
k>k®k > k®Q H”

and Ay refers to the composition

g®H
H->HQ®@H - H' Q@ H.

However it is easily seen that kK Ox~ H can be given the structure of a k-algebra
such that i: K Ox~ H — H is a morphism of algebras [S, Proposition 4.6]. Further-
more it is possible to show that kK Ox~ H can be given the structure of a coalgebra
such that i: kK Ox~ H — H is a morphism of k-coalgebras. This is due to the fact
that H and H” have commutative comultiplication and the ground ring k is a field
[S, Proposition 3.6). Hence H’ = k On- H is actually a Hopf algebra with i:
H’ — H a morphism of Hopf algebras.

Assertion. H ~ H” @ H' as left H"”-comodules and right H’-modules.

Proor. Filter H by the coradical filtration, filter H” by F,(H"”) = Im F,(H).
This filtration on H” is complete since g is surjective by Theorem 4.5. Choose a
mapping of graded k-modules r: H — H’ such that r is filtration preserving and
roi= H’ Letg be the composite of the mappings

Ay g®r
H->HQ®H > H" QH'.
Then g is a morphism of left H”-comodules; g is filtration preserving where

H” ® H'’ is given the tensor product filtration with respect to the filtrations on H”
and H'’ already defined. Passing to the associated bigraded modules, we have

EC(§): EC(H)—> EC(H") @ E°(H").
This then induces
k Ogoyyry EC(H) — k Ogoyr (EC(H”) ® EC(H')) ~ E°(H’).
k Ou~ g: H' — H’ is the identity, so
EC(k On~ &) = k Ogoy~ E°(g): EC(H') > E°(H’)
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is the identity. Since k Oeow~ E°(£) is a monomorphism, E°(£) is a monomor-
phism by Corollary 1.13. This then implies that g is a monomorphism.

We now wish to show that g is an epimorphism. Define ¢: H @ H' — H by
o(h ® h') = puy(h ® i(h')) for h € H, ' € H'. Consider the sequence

A ®
HOH SHSHOH'S H ® H'.
All maps are filtration preserving, so there is an induced sequence

EO©, E°(A
EO(H) ® E°(H') P Eo(H) " 5™ EO(H) ® EO(H)

EO ® E©
OSE po(uy ® EO(HY).

Define filtrations on EC(H) ® EC(H') and EC(H"”) ® EC(H’) as follows:
FP(EC(H")® E°(H")) = 23 E°(H")® E°(H’),,

r>p,s>q

FP9(EO(H) ® EO(H")) = 3 E°(H)® E°(H'),,.
r>p,s>q

Recall that if 4 = {4, } is a bigraded module and F is a filtration on A4, then

EO(A)u.o,r,s = (Fu,o(A)/Fu— l,v—l(A ))u+r,v+:'

With the above filtrations on EC(H”) ® EC(H’) and E°(H) ® EC(H’), let
E(EC(H")® E°(H’)) and E_(E°(H)® E°(H')) denote the associated 4-
graded modules.

E&e"*(EO(H") ® EO(H")) = E(H"),, ® E°(H"),
and

EZ%(E°(H) ® E°(H')) = E°(H),, ® E°(H’),,q.
Utilizing the commutative diagram
E °_()¢>)

EO(H) ® E°(H’) E°(H)
E°(8) ® EO(H')| LE©()
EC(H")® E°(9)
E°(H") ® EO(H) ® E°(H’) 5 EO(H") ® EO(H)

it is easily seen that
E°(&p)(F™(E°(H) ® E°(H"))) C FP(E°(H") ® E°(H")).

Hence

Eo(E°(g9)): Eo(E°(H) ® E°(H")) - E(E°(H") ® E°(H’))
is induced. Identifying E (E°(H) ® E°(H')) with E°(H) ® E°(H’) and
EL(E°(H") ® E°(H") with EO(H") ® E°(H’), we have E_(E°(&¢p)) = E°(g)
® EC°(H’) which is epimorphic. This implies that go is epic, which in turn implies
that g is epic. Hence g is an isomorphism of left H”-comodules.

Because £ is an isomorphism of left H”-comodules, there exists a morphism of
left H”-comodules w: H” — H such that gw = H”. (Namely w is the composition

-1
H" > H”Q® HS H.) Let h be the composition:
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H" QH"SHOHY H.

h is a morphism of left H”-comodules and right H’-modules. Consider
; A ®
GohH QH"SHIHSHSHOHS H" @ H.
All maps are filtration preserving, so there is induced
E®(gh): EC(H"”) ® EC(H') - E°(H") ® E°(H’).
Filter EC(H”) ® E°(H’) by

FP(EC(H") ® E°(H')) = »pz»qu(H”) ® E°(H'),,-

Then E©(gh) is filtration preserving and E (E °(gh)) is just the identity morphism
of EQ(E°(H")) ® E,(EC(H")). Since E,(E°(gh)) is an isomorphism, gh is an
isomorphism. This then implies that 4 is an isomorphism. []

It is now a simple matter to show that Proposition 4.7 follows from the above
assertion. One sees immediately that i: H’ — H is the kernel of g: H — H”. By the
assertion above there is an isomorphism of left H”-comodules and right H'-mod-
ules h: H” ® H' > H such that geh=H"” ® ¢.. So H/HI(H )~ (H" ® H’)
®, k ~ H”, and the diagram

H 5 H”
7\ =
H/HI(H')

is commutative. Suppose L € obj 3 /k and r: H — L is a morphism in 3 /k such
that r o i = en. Define 7/: H" ~ H/HI(H')— L by #(h + HI(H")) = r(h) for
h € H.Fis a well-defined morphism in JC/k and hence g: H — H” is the cokernel
of i: H' — H in JC / k. The epimorphism g: H — H” is therefore normal. []

Now suppose that f: H — H” is an epimorphism in 3C/k. flkG(H): kG(H) —
kG(H") is an epimorphism; similarly f|C(H): C(H) - C(H") is an epimorphism.
By Proposition 4.6, f|kG(H): kG(H)— kG(H") has a kernel {: kN — kG(H),
where N — G(H) is the kernel of f|G(H): G(H) — G(H"”) in 8, such that f|kG(H)
is the cokernel of . By Proposition 4.7, f|C(H): C(H) — C(H") has a kernel 7:
H — C(H), where H is a sub-Hopf algebra of C(H) and therefore is cocomplete,
such that f|C(H) is the cokernel of 7. N acts on H by conjugation, hence kN ® H
is a sub-Hopf algebra of H. Denote kN ® H by H’, and let i: H' — H be the
inclusion. Then i: H’ — H is the kernel of f: H — H”, and f is the cokernel of i.
We thus have proved the following theorem:

4.9. THEOREM. Every epimorphism in 3 /k is a normal epimorphism.

We conclude this section with a proposition which will enable us to carry out the
constructions of §5.

4.10. PrROPOSITION. (1) (CF. [6, PrROPOSITION 2.1]) Suppose f: H - H" is a
morphism in 3C / k. Then there is a unique factorization H' f» H L) H” of fin I /k
such that f’ is surjective and f” is injective.

(2) The category ) /k has kernels.
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PROOF. (1) Simply take H to be f(H’), with f”: H — H” the natural inclusion.
(2) Sup;?ose f: H' > H"” is a morphism in JC/ k. Then by (1) f has a factorization

H > H——> H” with f’ surjective and f” injective. By Theorem 4.8, f': H' — H has
a kernel 7: N > H’. 7: N —» H’ is then the kernel of f: H' - H”. [

5. Nilpotent objects of JC/k. As we have remarked previously, perhaps the most
illuminating way to view the category JC/k is as the category of groups in the
category of supplemented split k-coalgebras. The principal question raised by this
observation is to what extent group theoretical considerations can be applied to the
category JC/k. In this section we apply the results of §4 to define a lower central
series for an object of JC/k and we establish basic properties of nilpotent objects
of IC/ k.

Suppose 9 is a pointed category such that:

(i) If s: D’ — D” is a morphism in 9), then s has a factorizaton D'5D5 D" in
6 such that s’ is a normal epimorphism and s” is a monomorphism.

(ii) 9 has finite products and coproducts.

In 9 the factorization of a morphism described in (i) must be unique up to a
canonical isomorphism. By Proposition 4.10 we know that JC /k is such a category.

In a category % as described above commutators may be defined using the
following construction of Moore and Smith [6, pp. 758-761]. Let D', D” € obj %.

D ”

....................

where j” is constructed analogously. This gives a unique morphism §(D’, D”):
D'IID” - D'IID”. Let i: C(D’, D”) — D'IID” be the kernel of 8(D’, D"). Given
morphisms f: D’ — D, f”: D” — D in 9, there is induced f' \/ f”: D'IID” — D.
By assumption (i) on the category 9, the morphism
C(D’, D”) IHDIIf'V/ D
has a unique factorization
C(D’,D")5D>D

with u epimorphic and v monomorphic. Denote D by [D', D “Yg.pm It is the
commutator subobject of D’ and D” in D with respect to the morphisms f’ and f”.

When dealing with most algebraic structures, further restrictions are placed on
the above construction. For our purposes, we only want to consider the case where
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H',H" € obj (/k suchthat HH C Hand H”" CH.Ifi': H - H,i": H" > H
are the natural injections, then [H’, H "irimy is the commutator sub-Hopf algebra of
H’ and H” in H. Henceforth the inclusion morphisms will be suppressed and we
will write [H’, H"] for [H', H"); =,

An imitation of the above definition leads to the usual notions when applied to
the category of groups and when applied to the category of (graded) Lie algebras
over a ring K.

5.1. PROPOSITION ([6, PROPOSITION 2.6]). Let H € obj ¥ / k.

(1) If H' is a sub-Hopf algebra of H, then H' is a normal sub- Hopf algebra (i.e.,
the inclusion H' — H is a normal monomorphism) if and only if [H, H') C H'.

(2) If H' is a normal sub-Hopf algebra of H, then [H', H'] is a normal sub-Hopf
algebra of H.

Let H € obj IC/k and let H[[-1]) = [H, H). For any positive integer n > 1,
define H[[-n]] inductively by

H[[-n]] = [# H[[-n + 1]]].
We then have the lower central series for H:
HDH[[-1]]2--- 2H[[-n]]2"- -
Similarly one could define the derived series for H
HDH[-1]2---2H[-n]2 """

by setting H[-1] = [H, H] and H[-n] = [H[-n + 1], H[-n + 1]} forn > 1.

5.2. DeFINITION. A Hopf algebra H € obj IC /k is said to be nilpotent if for
some integer n > 0, H[[-n]] = k. If H is nilpotent and n is the least integer such
that H[[-n]] = k, H is said to be nilpotent of class n. In this case we write
n = cl(H).

5.3. PROPOSITION. Suppose H € obj I/ k is nilpotent of class n. Then G = G(H)
is a nilpotent group of class < n. If char(k) = 0, then P(H) is a nilpotent Lie algebra
of class < n.

ProOF. If cl(H) = n and H’ is a sub-Hopf algebra of H then clearly H' is
nilpotent with cl(H’) < n. Hence kG is a nilpotent Hopf algebra with cl(kG) < n.
Since kGIIkG = kG ® kG = k(G X G), we see that the kernel of

0(kG,kG): k(G * G) = kG * kG —> k(G X G)
is KN — k(G * G), where N —» G * G is the kernel of the morphism 0(G, G):
G+* G- G X G in §. Hence [kG, kG] = k[G, G]. The second assertion follows
from the observation that U(L) ® U(L) = U(L’' X L) and U(LHMIU(L) =
U(L'IIL) for L, L’ Lie algebras over a commutative ring K. [J
Recall that in a pointed category ), a sequence

"’ fl'
* -—>D'£>D—>D"——> *



LOWER CENTRAL SERIES FOR SPLIT HOPF ALGEBRAS 453

is called an extension if f/ = Ker f” and f” = Coker f’. From §2 we know that if
H € obj IC/k then

k—>C(H)->H->kGH)—>k
is an extension in JC/ k.

5.4. DEFINITION. The extension k - H' — H —» H” — k in J(/k is called central
if [H', H] = k.

5.5. PROPOSITION. Suppose k > H' — H — H” — k is an extension in I /k.
Then

(1) if H is nilpotent of class n, then H', H” are nilpotent with cl(H'), cI(H") < n.

(2) if H" is nilpotent of class n and the extension is central, then H is nilpotent with
cl(H)<n+ 1.

PrOOF. Proceed as in Proposition 2.7 and Proposition 2.8 of [6), making the
obvious necessary modifications. [J

5.6. COROLLARY. Suppose H € obj 3/ k, where k is a field of characteristic 0.
Also assume [C(H), H] = k. Then H is a nilpotent Hopf algebra if and only if G(H)
is a nilpotent group and P(H) is an abelian Lie algebra.

PrOOF. By assumption the extension
k—->C(H)->H->kG(H)—>k

is a central extension in 3C/k. By Proposition 5.5, kG(H) being nilpotent implies
that H is nilpotent. The other implication was established in Proposition 5.3. [J

There are many deep results in the theory of nilpotent groups which possibly
admit generalization to nilpotent Hopf algebras in JC /k. We discuss an attempt at
one such generalization.

Recall that a group G is called polycyclic if it has a series of subgroups

G=Gy2G, 2 - 2G,=(e)

such that, foreach i = 1,2, ..., r, G; is normal in G,_, and G;_,/G; is cyclic. In
particular, finitely generated nilpotent groups are polycyclic.
The following is a theorem of P. Hall [2, Theorem 1]:

THEOREM. If G is a polycyclic group, then the integral group ring ZG is left (right)
Noetherian.

In an attempt to generalize this theorem to objects of JC/k, we consider the
following definitions:

5.7. DEFINITIONS. Suppose that the Hopf algebra H is an element of 3 /k. H is
said to be finitely generated if H is finitely generated as an algebra. Similarly H is
said to be left (right) Noetherian if every left (right) ideal in the algebra H is
finitely generated.

5.8. Conjecture. Suppose H € obj JC/k is a finitely generated nilpotent Hopf
algebra. Then H is left (right) Noetherian.

An examination of Hall’s proof suggests the above conjecture might be proved
by the following scheme. Consider the statements:
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(1) If H € obj 3 /k is finitely generated, then H[[-n]] is finitely generated for
alln > 0.

(2) Suppose k > H' > H - H” — k is an extension in JC/k such that H’ and
H"” are left (right) Noetherian. Then H is left (right) Noetherian.

(3) A finitely generated abelian Hopf algebra H € obj 3( / k is Noetherian.

If (1), (2), (3) were established, Conjecture 5.8 would easily follow. For let
H € obj 3 /k be a finitely generated nilpotent Hopf algebra of class n.

k—H[[-m]]> H[[-m+ 1]]| > H[[-m + 1]]/H[[-m]] > k

is an extension in JC /k for all m > 0. H[[-m + 1]}/ H[[-m]] is finitely generated
because H[[-m + 1]] is finitely generated by (1). Moreover H[[-m + 1]]/ H[[-m]]
is abelian and hence is Noetherian by (3). Thus if H[[-m]] is left (right) Noetherian
it follows that H[[-m + 1]] is Noetherian. Starting with the observation that
H[[-n]] = k is Noetherian one can conclude that H is left (right) Noetherian by
the above process.

Of the statements (1), (2), (3) listed above, (3) is totally trivial. Any finitely
generated commutative algebra is Noetherian as it is the homomorphic image of a
polynomial algebra. The author’s attempts to prove (1) and (2) were unsuccessful.
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